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Abstract 

We describe the holonomy algebras of all canonical connections of 
homogeneous structures on real hyperbolic spaces in all dimensions. 
The structural results obtained then lead to a determination of the 
types, in the sense of Tricerri and Vanhecke, of the corresponding 
homogeneous tensors. We use our analysis to show that the moduli 
space of homogeneous structures on real hyperbolic space has two 
connected components. 
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1 Introduction 

Homogeneous manifolds provide a rich and varied class of spaces on which 
to study Riemannian geometry. One difficulty that arises is that the same 
Riemannian manifold (M,g) can admit several different descriptions as a 
homogeneous space G/H. It is surprising how little is known this problem 
for many well-known spaces. 

A substantial attempt to solve this problem was made by Ambrose and 
Singer [1]. They characterised the property that (M,g) is homogeneous in 
terms of the existence of a tensor S satisfying a certain set of non-linear 
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differential equations. Each homogeneous description of (M,g) gives rise 
to a different solution to these equations. These equations were studied 
further by Tricerri and Vanhecke [10], who introduced a decomposition of S 
into components under the action of the orthogonal group, and produced a 
number of examples illustrating the occurrence of different possible classes. 
In particular, they showed that in dimension 3, the real hyperbolic space 
RH(3) admits homogeneous tensors of two different types. However, they 
left as an open problem, the determination of all homogeneous tensors on 
RH(n) for n > 3 [10, p. 55]. 

In (3], we took a different route and used general results of Witte flU] 
on co-compact subgroups to determine all the groups acting transitively 
on RH(n). This left open the determination of the corresponding homo- 
geneous tensors S and their types. Any homogeneous space G/H with 
a Lie algebra decomposition g = f) + m carries a canonical connection V, 
characterised by the property that G-invariant tensors are parallel for V. 
By work of Nomizu [5], the tensor S depends only on the holonomy al- 
gebra f)ot ^ f) of V and f)o[ + m determines the Lie algebra of a smaller 
group acting transitively on G/H. 

In this paper we answer two questions: what are the holonomy algeb- 
ras of the canonical connections on RH(n)? and what are the types of the 
corresponding homogeneous tensors? Regarding a geometric structure as 
being given by a collection of tensors that are parallel with respect to some 
connection, the answer to the first question thus determines which geomet- 
ric structures may be realised homogeneously on RH(n). Our answer to 
the first question is given by: 

Theorem 1.1. The holonomy algebras of canonical connections on RH(n) are 
so(n) and all the reductive algebras 

t = t + tss 

of compact type with to = R r Abelian and i ss semi-simple such that 

3r + dimt ss ^ n — 1. 



The proof includes a description of how this algebra acts on the tangent 
space of RH(n). We then use these results to determine the complete an- 
swer to the second question, extending the partial results of illil lioll . 
Furthermore, the ideas of our constructions are used to show that the mod- 
uli space of homogeneous structures on RH(n), n > 1, with fixed scalar 
curvature has exactly two components. 

The paper is organised as follows. In Section |2[ we briefly recall the res- 
ults of Ambrose & Singer and Nomizu relating homogeneous spaces to ho- 
mogeneous tensors. We then specialise to the real hyperbolic space in Sec- 
tion [3] and review our result on the groups that act transitively, establishing 
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notation for the rest of the paper. The determination of the holonomy al- 
gebras and their isotropy representations is given in Section |4j We use this 
in Section[5]to determine the homogeneous tensors and their types. Finally 
we use our results to determine the connected components of the moduli 
space of homogeneous tensors on RH(n) and discuss a couple of geometric 
consequences in Section [6l 

2 The Ambrose-Singer equations 

Let (M,g) be a connected, simply-connected complete Riemannian mani- 
fold. Suppose S is a tensor of type (1,2); so for each X G TM, we have that 
Sx is an endomorphism of TM. Writing V for the Levi-Civita connection 
of g, we define a new connection V = V — S. In general, V has non-zero 
torsion. Ambrose and Singer [1] showed that (M,g) admits a homogeneous 
structure if and only if there is an S such that 

Vg = 0, VR = and VS = 0, (2.1) 

where R is the curvature tensor of V. Nomizu |5] gave this homogeneous 
description as follows. Fix a point p in M. The holonomy algebra f)ol is 
the subalgebra of the endomorphisms of TpM generated by the elements 
{ R x ,y ■ X, Y G T p M }, where R is the curvature of V. Writing m = T p M, 
the vector space 

5= fjol + m 

has a Lie bracket defined by 

[U,V] = UV-VU, [U,X] = U(X), [X,Y] = R X/Y + (S X Y - S Y X) 

for U,V <E fjol C End(TpM) and X,Y G m = T p M. Exponentiating 
these groups we obtain a reductive homogeneous description of M as G/H, 
where G and H have Lie algebras g and t)ol respectively. The connection 
V is now the canonical connection of the reductive space (G/H, m). In- 
deed for any homogeneous space M = G/H with reductive description 
= f) + m, the canonical connection is given at the identity by 

V B C = -[B,C] m (2.2) 

where C G g is extended to the vector field on M whose one-parameter 
group is gH i— >• exp(tC)gH. The canonical connection has the property that 
every left-invariant tensor on M is parallel. 
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3 Homogeneous descriptions of real hyperbolic space 

The description of EH(h) as a symmetric space is 

EH(n) = SO(n,l)/ 0(n), 

where we take SO(n, 1) to be the set of matrices of determinant +1 pre- 
serving the form diag(Id„_i, (? J))- The connected isometry group has 
Iwasawa decomposition SOo(n,l) = SO(n)R>oN whose Lie algebra is 
so(n, 1) = so(n) + a + n, given concretely by 

V V , 

n— 1 



so (n) = < -v T oo :BG so(n - 1), v G R 

L V oo/ 

{f v\ 

a = Rdiag(0,..., 0,1,-1), n = < ( -v T o o J : v G 



R n-i 



If G acts transitively on EH(n) then G\ KH(n) is a point, so compact. It 
follows that G\ SOo(n, 1) is an orbit space of the compact group O(n), thus 
G is a non-discrete co-compact subgroup of SOo(n,l). Witte's structure 
theory for co-compact groups pll] then leads to the following result. 

Theorem 3.1 ([4]). The connected groups acting transitively on RH(n) are the 
connected isometry group SOq(h,1) and the groups G = F r N, where N is the 
nilpotent factor in the Iwasawa decomposition of SO (n, 1) and F r is a connected 
closed subgroup ofSO(n — l)R>o with non-trivial projection to R>o- □ 

The case F r = R>o, gives the description RH(ft) = R>oN of real hyper- 
bolic space as a solvable group. 

4 The holonomy algebras 

Assume that G = F r N acts transitively on RH(n) as in Theorem 13.11 This 
implies that KH(n) = G/H, with H = F r n SO(n - 1). We have immedi- 
ately that H is reductive, and thus 

f) = bo + b ss , 

where f) is Abelian and t) ss is semi-simple. Let us write 

j> = f) + o r/ fl = f) + a,. + n, 

with a r projecting non-trivially to a = LieR>o- Since f r is a subalgebra of 
so {n — 1) © a, it admits a positive definite invariant metric. This implies 
that f r is reductive with 

fr = (f)0 + Or) + bss • 
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In particular, [a r , f)] = and dima r = 1. 
Let us write 

s = a + n, s r = a r + n, 

and note that [s,s] = n = [s r/ s r ]. For later use, we remark that a r is not 
canonically specified, but is any one-dimensional complement to f) + n in 

*f = (fr)o + n. 

A homogeneous Riemannian structure on G/H depends on a choice of 
adn-invariant complement m to () in g. Such a complement is the graph of 
an f)-equivariant map 

<p r : s r -> f). (4.1) 

Choose an f)-equivariant map Xr '■ s — >■ s r extending the identity on n. 
Define <p : s — > f) as 

cp = cp r o Xr- (4.2) 

Proposition 4.1. The Lie algebra f)ol of the holonomy group of the canonical con- 
nection V associated to the decomposition q = t) + m, is 

fjol = f r (n) = cp(n). 

Proof. The holonomy algebra is spanned by [m,m](,. For A £ a the standard 
generator and arbitrary X G n, we have [A, X] = X. The space m is spanned 
by 

Xq, := X + cpX £ m, for X £ n, 

and the element 

I := XrA + cpA=:A + A Q . 

Noting that [Aq, f r ] = 0, we compute 

[f,X ? ] = [A,X] + [A, cpX] + [A ,X] + [A Q , fX] 
= X + 0+ [A ,X] +0. 

This element lies in n. Moreover, Aq acts on n as an element ofso(n — l)on 
R" _1 , in particular its characteristic polynomial has no non-zero real roots. 
This implies that 1 + ad(Ao) : n — > n is invertible and so {[£, X^] : X £ n} 
spans n. For Y £ n C f) + m, we have Y m = Y + <p(Y) and so Y(, = — <p(Y). 
We conclude that Fjo [ contains { — <p[£, X^] : X G n} = q?(n). 
For X, Y G n, we have 

[X r Y y ] = [X, Y] + [X, cpY] + [<pX, Y] + [<pX, cpY] 
= + ( [X, <pY] + [<pX,Y]) + [<pX, cpY] . 
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The last term lies in f), whereas the middle pair lies in n. Projecting to 
f) C I) + m, the middle pair contributes — 2[<pX, cpY], since (p is ()-equivariant. 
Thus 

[X,,Y«J 6 = -[?X,q>Y]. 

We find that 

(jot = <p(n) + [<p(n),<p(n)]. 

But f) is reductive and <p(n) is a sum of f)-modules so [<p(n), <p(n)] C [f), <p(n)] C 
<p(n) and f)ol = <p(n) as claimed. □ 

We are now ready to prove Theorem ll.il 

Proof (of Theorem \l.lh Let us first show that the holonomy algebra has the 
claimed form. Via cp we have that the f)-module f)ol is isomorphic to a 
submodule Vj, [ of n = R" . Write ^ = fjol and note that Ms a subalgebra 
of so(n — 1), so of compact type. We may thus split 

l = t + tss 

as a sum of Abelian and semi-simple algebras. This gives a similar splitting 

V w = V Q + V ss . 

Now t acts effectively on m = a r + n, and trivially on a r , and its action 
preserves the inner product on n. The action of t ss is effective on V ss and 
trivial on Vo- The action of to is trivial on all of Vf, [. 

As {o — R r is Abelian, its irreducible metric representations are direct 
sums of modules of real dimension 2, and an effective representation is of 
dimension at least 2r. Thus n contains inequivalent modules of dimension 
dim Vty i = dim£ ss +r and 2r. It follows that n — 1 = dimn ^ dimfi ss +3r. 

Conversely, given a reductive algebra t = €q + i ss of compact type sat- 
isfying this constraint on dimensions, we wish to show that it arises a 
holonomy algebra for a canonical connection. 

Let Vf be a copy of the t-module £ and let V\ be a minimal effective 
metric representation of Iq = W. Then dim V\ = 2r and we put 

n = U"- 1 = V e + V x + R m , 

with R m a trivial t-module. This decomposition of R" -1 = n admits a t- 
invariant inner product extending a bi-invariant metric on t = V% and the 
invariant inner product on V\. Such an inner product realises f as a subal- 
gebra of so (n — 1). Let xp: -4 t be an isomorphism of t-modules. Defin- 
ing <p to be tp on Vf and zero on V\ + R' + o then realises t as the holonomy 
algebra of a canonical connection V on RH(ft) with g = t + a + n. □ 

Note that in the construction of the second part of the proof, the Lie 
algebra i exponentiates to a closed (so compact) subgroup K of SO(n — 1), 
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and so t is the isotropy algebra of a homogeneous realisation of RH(n). 
Also note that the module V\ + R'' may be replaced by any metric repres- 
entation of on which to acts effectively but in this case the corresponding 
subgroup of SO(n — 1) may not be closed. 

5 Homogeneous tensors 

We now wish to compute the homogeneous tensor S = V — V associated 
to a invariant Riemannian structure on G/H. 

Let g be the Riemannian metric and let g also denote its restriction to m. 
This bilinear form on m is adj-f-invariant. At eH, the homogeneous tensor 
is given by 

2g(S B C, D) = g( [£>, C], D) - g( [C, D], B) + g( [D, B], C), (5.1) 

for B,C,D G m. This follows from (J2.2|) and 10, p. 183]. The description 
of RH(n) as a symmetric space corresponds to S = 0. We thus concen- 
trate on the other homogeneous descriptions associated to subgroups F r of 
SO(n)R>o, and use the notation of the previous section. 

Note that g induces (^-invariant inner products g r = (1 + (p r )*g on s r 
and gq, = Xrgr = (Xr + 9*)S on s - ^ s we remarked above, the space a r 
is not canonical. The module s splits gq, -orthogonally as a sum of a trivial 
f)-module So and a module Si C n that decomposes as a sum of non-trivial 
(^-modules. The space a is contained in so and is any complement to so H n. 
In particular, we can take a to be gq, orthogonal to n and take a r = Xr a- 

As above, let A be the generator of a that satisfies ad(A)| n = +1. An 
arbitrary element B of m may be written as 

B = A B £ + N B , 

where Nb = (Xg)^, for some Xb G n. By our choice of a, we see that 

Lemma 5.1. Let Shea homogeneous tensor on RH(n) associated to module maps 
cp and cp r as in (|4.2|) and (|4.1|) . Then 

g(S B C,D) = -\ c g(B,D)+\ D g(B,C)+g([B',C],D) 

+\{X B {h r {C,D)-h r {D,C)) 

-A c {h r {B,D)+h r {D,B)) 
+ A D (h r (B,C) + h r (C,B))), 

where B' = <p(A B A + X B ) = cp(B s ) G \)andh r {B,C) = g([Ai,X B ] 9 ,C), M = 
XrA-A Gso(n-l). 
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Proof. To see this, let us compute 

[B,C] m = (A B [£,N C ] - A C [£,N B ] + [N B ,N c ]) m 
= A B (N c + [<pA,X c ] + [A 1/ X c ] 9 ,) 
-A c (N B + [<pA / X B ] + [Ai / X B ] (? ) 
+ [q>X B ,Nc}-[cpX c ,N B }, 

where we have used that (p\<pA, Xq\ = [<pA, cpXc] = 0. This gives 

g( [B, C], D) = A B (g(C, D) - A c g(Z, D) + g( [<pA, C], D) + h r (C, D)) 

- A c (g(B, D) - A B g(£, D) + g( [pA, B], D) + ft r (B, D)) 
+ g([pX B ,C],D)-g(fo>Xc,B],D) 
= A B g(C, D) - A c g(B, D) + g( [B', C], D) - g( [C, B], D) 
+ A B /2 r (C / D)-A c ^,-(B / D) 

and the result (|5.2[) follows from (j5.1|) and the fact that g is ^-invariant. □ 

We now wish to determine the possible types of S in the sense of Tricerri 
and Vanhecke [10]. The first of the Ambrose-Singer equations (|2.1[) implies 
that at each point S x preserves g, so S is a section of T*M ® so(n) = TM (g) 
A 2 TM. As representation of so(n), this space decomposes as 

T(TM (8) A 2 TM) ^ ^ ^2 © ^3 

with ST X ^ T(TM) and % 2£ T(A 3 TM). One says that S is of type 5- if S 
lies in and correspondingly S is of type if S € ^ + 5y. 

Tricerri and Vanhecke [10j] showed that if (M,g) is connected, simply- 
connected and complete, then it admits a homogeneous structure of type 2T\ 
if and only if (M,g) is isometric to the standard metric on RH(n). The cor- 
responding homogeneous description is that of RH(n) as a solvable group. 
Furthermore, [8] showed that structures on RH(n) of type ^+3 correspond 
to semi-simple isotropy groups. We can now describe all the types of ho- 
mogeneous structures on RH(n). 

Theorem 5.2. Let S be a non-zero homogeneous tensor for RH(n) wz'f/i holonomy 
algebra (jol. T/zen S always has a non-trivial component in S?\ and S is of type 2F\ 
if and only if fjol is 0. 

ITze structure is of strict type ^+3 if and on/y if a C. ker <p and f)ot is a non- 
zero semi-simple algebra acting trivially on ker cp, in the notation of Section |U 

Otherwise S is of general type. 

Proof. From (I5.2D , we have S = S 1 + S 2 , with 

S B C = g(£, Q- 1 {g{B, C)S - g{C, £)B), (5.3) 
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which is of type and 

S 2 C=[B',C} + S r B C, 

is B c = (A B (z r - z;)(x c ) - A c (z r + z;)(x B )) v 

+ {h r {B,C) + h r {C,B))g{^r l Z, 

where Z r : n — > n is Z r = ad(Ai)| n . 

We claim that S 2 is of type =^2+3. This means that Yli=\ S 2 - e i = f° r an 
orthonormal basis of m. Noting that this condition is independent of the 
choice of orthonormal basis, we deal with the two terms of S 2 separately. 

Let us show that the (1, 2)-trace Y%=\ Sl e i * s zero. Write go for the metric 
on n preserved by so in — 1); this metric is unique up to scale. Then Z r is 
skew-adjoint with respect to go- Let E\,..., E„_i be a g v -orthonormal basis 
diagonalising go, so go(Ei,Ei) = t{ > 0. Then the matrix (z;/) of Z r satisfies 
tiZji + tjZij = so zu = 0. Putting e { = {Ei) v and e n = £) 1/2 , we 

obtain an orthonormal basis for all of m. For i = I, ... ,n — I, we have 
that S r e .ei is g(£,£) _1 £ multiplied by the factor h r (Ei,Ei) = g((Z r (ei) v , E t ) = 
g C p(Z r (e i ),e i ) = zu = 0, so S^e, = in these cases. Moreover, S££ = 0, and 
thus we have the claimed vanishing of the (1, 2)-trace of S r . 

For the remaining terms Yl?=i[ e i> e i] of the (1, 2)-trace of S 2 we choose 
a different basis Write n = V(,o[ + ker<p| n , in such a way that these 
are (^-modules whose images in m are orthogonal. Choose a compatible 
orthonormal basis for m with e,- = X, + <p(Xj), i = 1, . . . , n — 1, such that 
X; G Vjjot, i = l,...,k, and X,- G ker <p| n , = k + 1, . . . , n — 1 and with e„ 
proportional to £. Then for i = 1, . . . , n — 1 we have 

[e^a] = [<p(X ! ),X ! + <p(X ! )] = [<p(X ; ),X,]. 

This is clearly zero for i = k + 1, . . . , n — 1. For i = 1, . . . , k, the fact that Vf, i 
is an f)-module implies [<p(X;),X;] G Vf, [, so [e-,e,] = t/? -1 (<p[<p(Xj),X;]) = 
j/> _1 [<p(X;),<p(X t )] = 0. Finally K,e„] is proportional to [A ,g\ = [A ,A] = 
0. Thus in all cases \e\, e,] = and S 2 has no 3[ component. 
To see when S 2 is in consider 

S 2 (B,C) := S 2 B C + S 2 C B 

= [C',X B ] + [B',X C ] - (Z;(A B X C + A C X B )) ? 
+ (// ) .(B,C)+// ) .(C,B))^,0- 1 ^, 

which is proportional to its projection to For S 2 to belong to ^3 we 
need this expression to be zero for all B and C. First, consider C = £ 
and B orthogonal to £, then S 2 (B,£) = [<pA,X B ] - {Z*X B ) V = 0. This 
implies that g(S\(B,£,),D) = g<p(X B , [Ao,X D ]) = 0, but the representation 
of so (n — 1) on n is faithful, so Ao = 0. Thus m and hence q contains a 
and we may take s r = s, giving A\ = and hence cpA = 0. We now have 
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S 2 (B,C) = [C',Xb] + [B',Xc]. Second, suppose X B G ker cp, then we must 
have [C, X B ] = [<p(C s ),X B ] = for all C s G s. Thus S G 5i + 3 requires ker cp 
to be a trivial fjo [-module. By the proof of Theorem 1 1.1 1 this is the case if 
and only if fjof is semi-simple and n = V^ \ + R s , with the trivial module 
IR S lying in kercp. Moreover, in this situation, if B,C have X B ,Xc G Vj, [ 
then S 2 {B,C) = [f(Xc),X B ] + [f(X B ),Xc] = ip~ l ([C',B'] + [B',C']) = 0, so 
S G 5i +3 . 

Furthermore, the ^-component is non-zero exactly when fjof is non- 
trivial. Indeed, in general the ^-component is proportional to 

S§(B,C) := S 2 B C-S 2 C B 

= [£>', C] - [C, B] + (Z r (A B X c - A c X B )) r 

Suppose this tensor S3 is zero. Considering B = £ and C orthogonal to 
£ we have S 2 (^C) = [<pA,C] + Z r (X c ) y = [Ao,X c ]«„ since [C',Aj = = 
[C, cpA] = [C, A\] as C G f). This gives Ao = 0, and we may write 

S§(B,C) = 2[B',C'] + [B',X C ] - [C',X B ]. 

For general B, C, the component of S 2 (B,C) in f) is 2[B',C']. This implies 
that fjol is Abelian. Finally for Xq G ker q> and Ac = 0, we have S 2 {B,C) = 
[B', Xq], so f}o[ acts trivially on ker<p. By the proof of Theorem 1 1.1 1 we 
conclude that fjol = 0. Thus the ^-component is zero exactly when cp = 
0. □ 



6 Consequences 

Our description of splittings via graphs in Section [4] yields the following 
statement. 

Theorem 6.1. For n > 1, the moduli space of homogeneous tensors on RH(n) 
with fixed scalar curvature, consists of two connected components. 

Proof. Any non-zero S is homotopic to the S of type 3F\ on AN via a scaling 
of cp to 0. So there are at most two components in the moduli space. We 
need to show that {S = 0} is a separate component. 

We have RH(n) = SO{n,l) / 0{n), SO (n r l) = KAN and TheoremED 
tells us that A r N acts transitively on any homogeneous description of RH(n) 
Now A r N is isomorphic to AN as a group, and any metric on AN is hy- 
perbolic, indeed the isomorphism may be chosen to be an isometry of left- 
invariant metrics, cf. [4]. With fixed scalar curvature, we may assume that 
this is an isometry to one fixed choice of left-invariant hyperbolic metric 
on AN. If S is a homogeneous tensor on RH(n) it gives a left-invariant 



10 



M. Castrillon Lopez, P. M. Gadea & A. F. Swann 



tensor on A r N and hence on AN. The equation VS = may be rewritten 
as 

VS = S.S, (6.1) 

where (Sx-S)yZ = Sx(SyZ) — S$ — Sy (SxZ), and V is the Levi-Civita 
connection. On the set of left-invariant tensors on AN, equation (|6.1D is a 
set of polynomial equations in the components of S. We thus see that the 
set of homogeneous tensors for RH(n) may be regarded as a real algebraic 
variety in R" <g> A 2 R" = R N . The moduli space is a quotient of by the 
relation of isomorphism of homogeneous structures; in particular tensors S 
with different holonomy groups give rise to different points of the moduli 
space. Once we have shown that {S = 0} is a separate component of 5? , 
we will have that the components of 5? are preserved by the equivalence 
relation and so give distinct components of the moduli space. 

Now for any real algebraic variety 5? C R N and any point S in 5? 
there is an analytic path St, t G [0, 1], with So = S and St ^ S, for t G 
(0, 1]. Indeed such a path may be taken to be a Nash function, see Bochnak, 
Coste and Roy [3, Proposition 8.1.17]. Combining this with [3, Definition 
et Proposition 2.5.11] one has that the connected components of are 
analytically path-connected. 

Suppose St is an analytic path of homogeneous structures with So = 0. 
Then equation (|6.1|) , gives that for S = dSt/dt\t=o, we have VS = S.So + 
So-S = 0, so S is parallel for the Levi-Civita connection. But any parallel 
tensor on RH(n) is holonomy invariant. 

The holonomy representation of V on the tangent space of RH(n) is 
U = W as the standard representation of SO (n). The tensor S lies in 

U®A 2 U = U®A 3 U®W, 

with W an irreducible representation of SO(n) of dimension \n{n — 2)(n + 
2). This decomposition contains an invariant submodule only when n = 3. 
So for h^3, we conclude that S = 0. 

We may repeat this argument for the higher derivatives of St at t = 0. 
When n ^ 3, this gives that St has Taylor expansion around t = 0, and 
thus that St is the constant path. So for « / 3, we have that {S = 0} is a 
connected component of the moduli space. 

For n = 3, we may argue more directly. By Theorem II .![ the holonomy 
algebras of homogeneous connections on RH(3) are so (3) and 0, since 
the only other possibility is so(n — 1) = so (2), which is Abelian, but has 
3 dim 50 (2) = 3 > n — 1 = 2. Thus there are only two homogeneous struc- 
tures on RH(3), one with S = 0, and the other of type 27\ by Theorem 15.21 
For structures of type Sty, the tensor S is the S 1 of equation \5.3) . The scalar 
curvature of the corresponding metric is determined by ||£|| 2 , so for fixed 
scalar curvature, there is no path to S = 0, and the moduli space again has 
two components. □ 
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Note that the final of the proof part confirms the determination of homo 



geneous structures on RH(3) by Tricerri and Vanhecke [10]. 

The proof of the main Theorem 11.11 yields the following information 
about the action of the holonomy group. 

Corollary 6.2. Suppose V is a homogeneous canonical connection on RH(n) 
whose holonomy algebra fjol is not so(n). Then the isotropy representation of fj o t 
on m contains at least three disjoint modules: the first isomorphic to hoi, the second 
an effective representation of the centre of hoi and the third a one-dimensional 
trivial module. If hoi is semi-simple the second module is zero. 

Proof. In the notation of the proof of Theorem 11.11 the three modules are 
Vtjoi, V\ and a r . □ 

Let us regard a geometric structure as any collection of tensors pre- 
served by some connection, not necessarily torsion-free. We say this geo- 
metry is homogeneous if can be realised on a reductive homogeneous space 
with the connection being the canonical connection. 

Corollary 6.3. Any homogeneous geometry on RH(n) that is not invariant un- 
der the connected isometry group SOo(n,l), admits a nowhere vanishing parallel 
vector field. □ 



References 

[1] W. Ambrose and I. M. Singer. 'On homogeneous Riemannian manifolds'. In: 

Duke Math. }. 25 (1958), pp. 647-669. issn: 0012-7094. 
[2] A. L. Besse. Einstein manifolds. Vol. 10. Ergebnisse der Mathematik und ihrer 

Grenzgebiete, 3. Folge. Berlin, Heidelberg and New York: Springer, 1987. 

isbn: 3-540-15279-2. 

[3] J. Bochnak, M. Coste and M.-F. Roy. Geometrie algebrique reelle. Vol. 12. Ergeb- 
nisse der Mathematik und ihrer Grenzgebiete (3). Berlin: Springer- Verlag, 
1987, pp. x+373. isbn: 3-540-16951-2. 

[4] M. Castrillon Lopez, P. M. Gadea and A. F. Swann. 'Homogeneous struc- 
tures on real and complex hyperbolic spaces'. In: Illinois J. Math. 53.2 (2009), 
pp. 561-574. issn: 0019-2082. 

[5] K. Nomizu. 'Invariant affine connections on homogeneous spaces'. In: Amer. 
}. Math. 76 (1954), pp. 33-65. issn: 0002-9327. 

[6] A. M. Pastore. 'On the homogeneous Riemannian structures of type 7i © 7i'. 
In: Geom. Dedicata 30.2 (1989), pp. 235-246. issn: 0046-5755. 

[7] A. M. Pastore. 'Canonical connections with an algebraic curvature tensor 
field on naturally reductive spaces'. In: Geom. Dedicata 43.3 (1992), pp. 351- 
361. issn: 0046-5755. 

[8] A. M. Pastore. Homogeneous representations of the hyperbolic spaces re- 
lated to homogeneous structures of class T{ © 75'. In: Rend. Mat. Appl. (7) 
12.2 (1992), pp. 445-453. issn: 1120-7183. 



12 



M. Castrillon Lopez, P. M. Gadea & A. F. Swann 



[9] A. M. Pastore and F. Verroca. 'Some results on the homogeneous Riemannian 
structures of class T\ © Ti ■ In: Rend. Mat. Appl. (7) 11.1 (1991), pp. 105-121. 
issn: 1120-7183. 

[10] F. Tricerri and L. Vanhecke. Homogeneous structures on Riemannian manifolds. 
Vol. 83. London Mathematical Society Lecture Note Series. Cambridge: Cam- 
bridge University Press, 1983, pp. vi+125. isbn: 0-521-27489-3. 

[11] D. Witte. 'Cocompact subgroups of semisimple Lie groups'. In: Lie algebras 
and related topics. Proceedings of the conference held at the University of Wisconsin, 
Madison, Wisconsin, May 22-June 1, 1988. Ed. by Georgia Benkart and J. Mar- 
shall Osborn. Vol. 110. Contemporary Mathematics. American Mathematical 
Society, Providence, RI, 1990, pp. 309-313. isbn: 0-8218-5119-5. 

Marco Castrillon Lopez 

Departamento de Geometria y Topologia, Facultad de Matematicas, Universidad 
Complutense de Madrid, Av. Complutense s/n, 28040-Madrid, Spain. 
E-mail: mcastri@mat.ucm.es 

Pedro Martinez Gadea 

Instituto de Fisica Fundamental, CSIC, Serrano 113-bis, 28006-Madrid, Spain. 
E-Mail: pmgadeaOif f . csic . es 

Andrew Swann 

Department of Mathematics, Aarhus University, Ny Munkegade 118, Bldg 1530, 
DK-8000 Aarhus C, Denmark. 

and 

CP 3 -Ori gins, Centre of Excellence for Particle Physics Phenomenology, University 
of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark. 
E-mail: swann@imf.au.dk 



13 



